ABSTRACT. Conditions satisfied by disjoint meromorphic functions are obtained.
Introduction.
In the first part of this paper we are concerned with meromorphic functions which are disjoint in the unit disk. Making use of a recent result for pairs of functions [ll] , we obtain in § §3 and 4 necessary conditions satisfied by disjoint meromorphic functions.
Disjoint functions have been recently applied to oscillation problems of linear differential system and equations [6] , [8] . Applying some of our function theoretic results, we obtain in the second part of our paper necessary conditions for a differential systems to be nonoscillatory in the unit disk.
Finally, in §5, necessary conditions for a linear differential equation to be disfocal in the unit disk are given and some examples are considered.
Disjoint functions and pairs of functions.
Let fiz) and giz) be meromorphic functions in the unit disk U, such that (2.1) fiz)48iO, W,W<1.
then we say that fiz) and giz) ate disjoint meromorphic functions in U.
Since the Möbius transformation 
The result is sharp, as can easily be checked for f(z) = z and g(z) = z~ . In order to obtain a bound for i/r(z) one has to add further assumptions which will guarantee the regularity of tpiz) in U. Thus, assuming that /(z) and giz) are univalent disjoint meromorphic functions in U, Nehari proved that
The constant 8 is the best possible. In Theorem 4 we shall prove that if f(z) and g(z) are disjoint meromorphic functions (not necessarily univalent) in U, then \cß(z)tf,(z)\ = \cb(f, g, z)^(f, g, z)\ < 2/(1 -|z|2)3, \z\ < 1, and the result is sharp.
Following Nehari we shall first be interested in obtaining combinations of / and g and their derivatives which remain invariant under the transformation / -» Tf, g -> Tg. In §3 we construct an infinite sequence of invariant quantities of this type which we call "invariant differential operators" and denote by o. (f, g, z), n = 1, 2, • • • • In order to obtain bounds for 0-n(/, g, z) we make use where a^ = a^w) = an(/, g, w)T Q . dico) = Oif, g, w) and (3-3) atif, g, w) = aj(g, f,w) = -cbij, g, w).
Proof. Cf. [l, Theorem l]. We assume first that / and g ate both regular at the point w, and therefore the power series given in (3.1) converges in a neighborhood of w. Differentiation of (3.1) yields
°A2-=i-+R2, R = Rif, g, w, z). dùi dz f'(w) Proof. By (3.1) we have
and (3.5) follows. Combining (3.5) and (2.11) we obtain (3.6).
In the next theorem we consider the effect of a linear transformation of the independent variable z on the coefficients a if, g, z).
Theorem 3. Let fiz) and giz) be disjoint meromorphic functions in the unit disk \z\ < 1. Let (3.7) t(z) = (z -OAl -zO> M < 1, ICI < 1, and set
Then Fit) and Git) are disjoint meromorphic functions for \t\ < 1, and
Proof According to (3.8) and (3.10), we have
it follows from (3.11), (3-12) and (3.13) that
Using the power series expansion -=í (*+î~V' « = 0,1,2,
(1 -a)" fe=o for a = £z/(l -C^o^' anc* e<ïuating coefficients in (3.14) we obtain (3.9) for the arbitrary point z = zQ, |zQ| < 1 and its image t = wQ. For the details see [1, proof of Theorem 2].
Corollary. For zQ = £, wQ = 0, (3.9) yields 00 (2 " |) (C)n-\(F, G, 0) In this section we apply the technique developed in §3 to yield a necessary condition for two meromorphic functions to be disjoint in the unit disk (Theorem 4). Using this condition we then obtain necessary conditions for a differential system to be nonoscillatory (Theorem 5).
Theorem 4. Let fiz) and giz) be disjoint meromorphic functions in the unit disk. Let pif, g> z) = piz) = <p(/. g> 2V(/ g> *) We apply now Theorem 4 in order to obtain necessary conditions for nonoscillation of the differential system The result follows now from (4.12) and (4.3).
To see that (4.9) is sharp we consider the following differential system (4.7).
•'U)"LlW '"V* In this case nonoscillation of (4.7) in U, is equivalent to disfocality of (5 .2) there.
In the following we assume that the coefficients q. We next set j = n -2, k = n in (4.9). According to (5.1) this yields another necessary condition for disfocality of (5.2) in U; namely |a,(z)| < 2/(1 -|z| ), |z| < 1. We shall show now that this condition can also be obtained in a slightly different way and we prove the following more general result.
Theorem 6. // equation (5.2) is disfocal in the unit disk U, then
Proof. Let zz(z) and viz) be linearly independent solutions of (5.2), which satisfy at the point L, £ U the following initial conditions (ii) If we choose f(z) and giz) as in (5.7), /'(£) = 1, and Theorem 6 follows from Theorem 6 . We have seen that Theorem 6 is sharp for an arbittary integer
772, yet all we can say with regard to the sharpness of Theorem 6 is that (5.5) is sharp for k = 2. This will be shown by the following example.
Consider the second order differential equation (5.14) y "(z) + q j (z)y'(z) + q2iz)yiz) = 0.
Let zz(z) and viz) be linearly independent solutions of (5.14) and set 
